The appearance of nuclear clusters in stellar matter at densities below nuclear saturation is an important feature in the modeling of the equation of state for astrophysical applications. There are different theoretical concepts to describe the dissolution of nuclei with increasing density and temperature. In this contribution, the predictions of two approaches are compared: the medium dependent change of the nuclear masses in a generalized relativistic density functional approach and the excludedvolume mechanism in a statistical model. Both approaches use the same description for the interaction between the nucleons. The composition of neutron star matter, in particular the occurrence of light and heavy nuclei, and its thermodynamic properties are studied.
Introduction
In astrophysical simulations of core-collapse supernovae (CCSN) [1] [2] [3] [4] and the description of compact star properties, 5-10 the equation of state (EoS) is an essential ingredient. It provides the information on thermodynamic properties of strongly interacting matter with baryons and leptons as basic degrees of freedom. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] The description of such matter at densities below the nuclear saturation density n sat ≈ 0.16 fm −3 and temperatures T 15 MeV represents a particular challenge for theoretical models, where the short-range strong interaction and the long-range electromagnetic interaction have to be considered explicitly. The competition of these forces with the entropy leads to the formation and dissolution of inhomogeneous structures on mesoscopic length scales with different geometries. This is in contrast to the liquid-gas phase transition in pure nuclear matter where the Coulomb interaction and the charge of particles are neglected, see, e.g., Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] for details. In stellar matter the phenomenon of frustration is observed since the available space of thermodynamic variables is reduced due to the specific condition of charge neutrality.
In dilute matter at temperatures above 2 MeV and with densities up to approximately 0.001 n sat , light nuclei (deuterons, tritons, helions, α-particles) are the most relevant nuclear species that are formed as manynucleon correlations. 27, [33] [34] [35] [36] [37] [38] With increasing densities and at lower temperatures, also heavier nuclei with increasing mass numbers appear and the chemical composition of matter changes. Finally, when the saturation density n sat is approached, the occurrence of so-called "pasta phases" with several different geometries is expected, [39] [40] [41] [42] [43] [44] [45] [46] [47] before the system converts to uniform matter composed of nucleons, electrons and muons.
The complex structure of stellar matter is particularly important in astrophysical applications. The formation of clusters and pasta phases in CCSN matter affects the neutrino opacity. 41, 42, [48] [49] [50] This quantity plays a central role in the energy transport and deposition. Thus it can affect the development of a shock wave during the supernova collapse 40, 51 and the cooling of the proto neutron star (PNS). 52, 53 The crust cooling will also affect its thickness, and, consequently, the moment of inertia, which will have direct influence on the interpretation of pulsar glitches. 54 The composition of matter also determines the structure of the crust of cold catalyzed neutron stars where the additional condition of β-equilibrium fixes the isospin asymmetry of the nuclear subsystem.
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Statistical models with nucleons, nuclei and charged leptons as degrees of freedom are a popular approach to describe stellar matter at subsaturation densities. 16, 28, [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] The interaction between the constituents is often incorporated on the basis of nonrelativistic Skyrme or relativistic density functionals, employing a mean-field picture. In most cases, only the strong interaction between the nucleons is considered in this way. In order to model the transition from clustered matter to uniform matter at high densities and temperatures, the dissolution of nuclei has to be implemented in the theoretical approach. Various prescriptions are employed to suppress the occurrence of clusters.
A widely used heuristic approach is the excluded-volume mechanism using a geometrical picture. 16, 28, 72, 73 A finite volume, usually proportional to the mass number A, is attributed to each nucleon or nucleus, leaving a reduced volume for the motion of the remaining particles. As a consequence, the system lowers the fraction of larger-size constituents in favor of smaller-size particles with increasing density. Hence, nuclei are converted to nucleons. The effect of the finite particle volume on the system properties can be interpreted as the action of an effective repulsive, hard-core interaction. The excluded-volume approach is implemented, e.g., in an EoS model that considers an ensemble of nucleons, nuclei and electrons in statistical equilibrium. 16 The interaction between the nucleons is described in a relativistic mean-field (RMF) model. For this model, EOS tables for a variety of RMF parametrizations 16, 20, 28, 32 are available online. 74 They include the full distribution of light and heavy nuclei and cover a broad range in density, temperature, and isospin asymmetry.
In a more microscopic description, nuclei will dissolve with increasing density, mainly as a result of the Pauli principle. 33, 72, [75] [76] [77] [78] [79] At high densities, it becomes difficult to form clusters as many-nucleon correlations, since most of the momentum space is already occupied by background nucleons. The essential consequence is a reduction of the cluster binding energy with increasing density. This effect becomes smaller, however, at higher temperatures due to a more dilute population of states in momentum space. Such medium-dependent mass shifts can be extracted from microscopic calculations of few-body correlations in dense matter. They are used in a parametrized form in density functionals for stellar matter. A reduction of the binding energy causes a lowering of the particle abundance simply because of statistical reasons. The mass-shift method is realized in the generalized relativistic density functional (gRDF) approach, 33, 80, 81 which is an extension of a conventional RMF model for nuclear matter with density dependent (DD) couplings.
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In this work, we compare the formation and dissolution of light and heavy clusters in dilute matter within these two models: the statistical model with excluded-volume mechanism,
16 denoted as HS model in the following, and the gRDF approach with cluster mass shifts. 33, 80, 81 For this comparison, it is important to note that the same parametrization (DD2) of the RMF interaction is employed in both models such that differences in the predictions can be attributed to the cluster description. Besides the density dependence of the cluster suppression, we will investigate the predictions of the two models as a function of the temperature. Here, different procedures to include thermal excitations of the nuclei, which depend on the employed level densities, become relevant.
The paper is organized as follows. In section 2, the theoretical formulation of the excluded-volume mechanism and its particular realization in the HS model and the gRDF approach are discussed. Predictions of the HS and gRDF models for neutron star matter, i.e. stellar matter in β-equilibrium, are presented in section 3. The main emphasis is on the comparison of the chemical composition, in particular the occurrence of light and heavy nuclei. Also thermodynamic properties are briefly compared. Conclusions are given in section 4.
Theoretical formalism
All thermodynamic properties of stellar matter can be determined once a suitable thermodynamic potential is specified. In most cases, a Helmholtz free energy density f (T, {n i }) or a grand canonical potential density ω(T, {µ i }) is given. They depend on the temperature T and the number densities n i or chemical potentials µ i of all constituents i. In both cases, the excluded-volume mechanism and the medium-dependence of mass shifts can be incorporated in the formalism. However, one has to make sure that the theory is thermodynamically consistent, i.e. the usual definitions of thermodynamic quantities and relations for derivatives hold after the modification of the original thermodynamic potential.
A general formulation of the excluded-volume mechanism and mass shifts is presented in the following subsection 2.1, assuming relativistic kinematics of the particles and general particle statistics. This model incorporates effects from the interaction between particles in the framework of a RMF approach with density dependent couplings. In subsection 2.3, the relation of this formulation to the HS model is established and differences are explored. The formalism of the gRDF approach is presented in subsection 2.2.
RMF model with excluded-volume mechanism and mass/energy shifts
The excluded-volume mechanism is a simple means to model a repulsive interaction between particles. A very general theoretical formulation was presented in Ref. 73 that is adapted to the present application. Every for photons with degeneracy factor g γ = 2.
Irrespective of the particle statistics and the dispersion relation for E i (k, m * i ), the grand canonical potential density (4) can be written as
taking the decomposition (20) into account. The first and the next-to-last term can be combined as
With the choice (2) for the available volume fractions Φ i , one finds in particular
and thus
with the original single quasi-particle contributions (6) without a prefactor and no explicit rearrangement term from the excluded-volume mechanism. Nevertheless, the dependence on the available volume fractions Φ i enters through the rearrangement term V (r) i in the vector potentials V i . The entropy density of the system is obtained by the standard thermodynamic derivative
with the usual contribution and a term that takes an explicit temperature dependence of the degeneracy factors g i into account, e.g., for nuclei, see below.
gRDF model
In this extension of a RMF model with density dependent couplings, nucleons, nuclei, electrons, muons and photons are considered as the relevant particle species. In addition, two-nucleon correlations in the continuum are included as effective quasi-particles like nuclei with temperature dependent resonance energies or masses. 84 All nuclei within the neutron and proton driplines are included in the calculations. The driplines were determined from the neutron and proton separation energies after removing the Coulomb contribution of a homogeneously charge sphere of radius r C = 1.25 · A 1/3 fm to the total binding energies.
Since chemical equilibrium is assumed for the full ensemble, the chemical potential of every particle is given by
with baryon numbers B i , charge numbers Q i , electron lepton numbers L (e) i , and muon lepton numbers L (µ) i and corresponding independent chemical potentials of the conserved currents. The quantum numbers are specified in table 1 for all elementary particles of the model and nuclei i = (A, Z) with mass numbers A, charge numbers Z, and neutron numbers N = A−Z. The chemical potential of an antiparticle is the negative of that of a particle. The lepton chemical potentials are taken to be equal, i.e.,
in equation (39) . All nucleons, whether they are free or bound in nuclei, couple to the meson fields with coupling factors g ij in equations (15) and (16) . Explicitly they are given by
with a scaling function f (A). It is defined as
in order to scale the coupling of heavy nuclei according to their surface size. The factors D i in the density (14) , which determine the density dependent coupling strengths Γ j in equation (13) , are identical to the baryon numbers B i , henceñ is just the total baryon density
of the system. The explicit form of the density dependent couplings in the DD2 parametrization is described in Ref.
33
All particles are assumed to be pointlike, i.e., the available volume fractions Φ i are all constant equal to one and hence there are no rearrangement contribution V (r) i and ω (r) Φ to the vector potentials (12) and the grand canonical potential density (34) , respectively. Instead of the excluded volume mechanism, density and temperature dependent mass shifts ∆m i are introduced in the scalar potential (11) in order to generate the dissolution Table 1 . Quantum numbers of elementary particles and nuclei considered in the EoS models.
of nuclei. In contrast, explicit energy shifts ∆E i are not introduced in the vector potential (12) . The total mass shift includes two contributions
in the gRDF model. The Coulomb contribution is due to the screening of the Coulomb field by the electrons and muons. It is given by
in Wigner-Seitz (WS) approximation for a nucleus i = (A, Z) with radius R i that is estimated as
using the radius parameter R 0 = 1.25 fm. The quantity α = e 2 /( c) in (48) denotes the fine structure constant. The ratio
in equation (48) contains the WS cell radius
with the total leptonic charge density
that is negative. Because the system is charge neutral, the negative of n (l) q is identical to the total hadronic charge density
with the charge fraction Y q . The strong shift in equation (47) is given by
with the binding energy B (0) i of the nucleus in the vacuum and a shift function f i , which depends on the effective density
and the dissolution density n
. The functional form of the shift function is chosen as
with the two parameters
and
For light nuclei, the dissolution density is
where the quantity δB i (T ) is defined in Ref. 33 For nucleon-nucleon scattering states, the shift function of the deuteron is used. For heavy nuclei, the parametrisation
with
is used such that
For A = 4, the approximate dissolution density of α-particles at zero temperature is reproduced. With increasing mass number A, the dissolution density n (diss) i approaches one third of the saturation density. The shift function (56) replaces the corresponding function in equation (72) of Ref.
In the present form, the binding energy of a nucleus decreases linearly with the density until the binding threshold is reached. At higher densities, f i grows more rapidly since the state becomes a resonance. The strong increase also avoids the reappearance of nuclei, in particular light clusters, at very high densities.
The degeneracy factors g i of the elementary particles and light nuclei (d, t, h, α) are given by
with the spin J i of the particle (in the ground state). The contribution of excited states is considered for heavy nuclei with A > 4 by introducing temperature dependent degeneracies
with two factors. The first term contains the contribution of the ground state and of excited states with a density of states i (ε). The second factor γ(T ) is introduced to model the dissolution of heavy nuclei at high temperatures. Experimental values for the ground state spin J i of nuclei are used as far as known. Otherwise J i = 0, J i = 1/2 or J i = 1 are assumed for even-even, odd-even/even-odd or odd-odd nuclei, respectively. The density of states is given by a modified Fermi gas formula
with the level density parameters
for neutrons and protons (j = n, p) in a nucleus i and their sum a i = a
depends on the Fermi momenta
with the number of nucleons (N
in the nucleus i = (A, Z) and its effective volume
with radius R i = 1.4 · A 1/3 fm. For given a i and , the ratio a i /β i and thus β i are determined by solving the equation
Then all quantities in equation (65) are known and the density of states can be calculated. In contrast to usual Fermi gas models, i ( ) does not diverge for ε → 0 but assumes a finite value. The maximum energy E max in (65) is given by the minimum of the neutron and proton separation energies of the nucleus and
MeV is a simple pairing correction with δ i = 0, 1, 2 for even-even, odd-even/even-odd and odd-odd nuclei, respectively. The dissolution factor in equation (64) is written as
with the flashing temperature T fl = 11.26430 MeV of the DD2-RMF model. It is defined by the condition that the pressure p(T, n b ) attains a minimum of p = 0 as a function of the baryon density n b for constant temperature in symmetric nuclear matter. T fl is slightly lower than the critical temperature T cr = 13.72384 MeV of the liquid-gas phase transition at which ∂p/∂n b | Tcr = 0. For T < T cr uniform nuclear matter is globally unstable and for T < T fl locally unstable to density fluctuations. Because the system is presumed to be charge neutral, the leptonic charge density (52) has to compensate the hadronic charge density (53) such that n The table covers temperatures from 0.1 MeV to 100 MeV, baryon densities from 10 −10 fm −3 to 1 fm −3 , and hadronic charge fractions from 0.01 to 0.60.
HS model
The statistical model of Hempel and Schaffner-Bielich, 16 denoted HS model in the following, is formulated using a canonical ensemble of nucleons, nuclei, electrons and photons by specifying the free energy density
It can be obtained from the grand canonical potential density (4) by applying a Legendre transformation to exchange the chemical potentials µ i with the particle number densities n i as natural variables. There are different variants of the HS model, 16, 20, 28, 32 depending on the choice of the parametrization of the nuclear interaction and the table of nuclei. Here we consider the version of Ref.
32 with the DD2 parametrization. The set of particle degrees of freedom is similar to that of the gRDF model, however, muons and two-nucleon scattering correlations are not taken into account in the HS model. An extensive table of nuclei is considered with masses taken from the 2003 Atomic Mass Evaluation 86 if available or otherwise from the microscopic-macroscopic FRDM model. 87 Effects of the nuclear interaction are included in a RMF model with densitydependent couplings in the DD2 parametrization 33 identical to the gRDF approach of the previous section. However, in the HS model, nucleons inside nuclei do not couple to the mesons, i.e., the coupling factors in equations (15) and (16) are defined as
Correspondingly, only nucleons are considered in the sum (14) with D i = B i that appear as argumentñ in the meson-nucleon couplings Γ j . For the degeneracy factors g i of the nuclei, the form
is employed with the empirical density of states
containing the mass dependent level density parameter
and constants c 1 = 0.2 MeV −1 and c 2 = 0.8. The maximum energy E max for the integration in (77) is given by the binding energy of the specific nucleus such that only bound excited states are taken into account. The ground state spins in (77) are taken as J i = 0 and J i = 1 for even A and odd A nuclei, respectively.
The HS model uses the concept of finite sizes for nucleons and nuclei with two realizations of the excluded-volume mechanism in order to incorporate the dissolution of nuclei with increasing density of the system. All other particles (electrons, photons) are treated as pointlike. For nuclei i = (A, Z) the available volume fractions are given by the standard form (2) with volume parameters v ij = B j /n sat (j = nucleon or nucleus) proportional to the baryon number B j . This leads to identical forms
with the baryon density (46) independent of the nucleus (A, Z). The available volume fraction Φ (A,Z) vanishes for n b ≥ n sat and hence the occurence of nuclei at densities above saturation is prohibited. For nucleons i = n, p,n,p the filling factor
is introduced in the HS model where only nuclei contribute in the sum. Hence, nucleons do not block the volume that is available for themselves. They only feel the occurrence of nuclei. However, the factor ξ cannot be considered as an available volume fraction in the sense of section 2.1 and thus we set Φ i = 1 for nucleons in the following.
As in the gRDF model, the interaction of the nuclei with the background electrons is taken into account in the HS model using the Wigner-Seitz approximation. This can be formulated as a mass shift, which is given by equation (48) . However, in the HS model, the mass shift ∆m i is replaced by an explicit energy shift for nuclei
of the same form as in equation (48). The radius of a nucleus is calculated from
Since the Coulomb energy shift (82) depends only on the electron and positron densities, there are only energy rearrangement contributions for leptons. Mass shifts of nuclei are not considered in the HS model.
Using the formalism of section 2.1, the free energy density (72) of the HS model can be deduced. Since the available volume fractions Φ i are either constant one or assume the standard form (2), the simplified form (37) of the grand canonical potential density can be used to obtain f (T, {n i }). It is convenient to examine the contributions of different particles to the free energy density separately, i.e., we write
with the contribution of nuclei, nucleons (including mesons), electrons, and photons. Since nuclei are treated as nonrelativistic particles with MaxwellBoltzmann statistics, we can use (30) and solve it for the chemical potential
We note that V i = ∆E i and m * i = m i for nuclei. The first term in equation (84) is given by
with the free energy density
for an ideal gas of particles i with rest mass m i and thermal wavelength λ i = 2π/(m i T ). The explicit excluded-volume term in (86) contains the available volume fraction κ = Φ (A,Z) . The Coulomb term
arises due to the energy shifts (82) . The nucleonic contribution to (84) f nuc (T, n n , n p , nn, np) = i=n,p,n,p
depends only on the temperature and the densities of the nucleons. This form is not used in the HS model directly but the rescaled contribution
with the scaled nucleon densities
by introducing the filling factor (81) . If nuclei exist in the system, the available volume for the nucleons is reduced, e.i., ξ < 1. Correspondingly, the effective density in the available volume has to be increased as compared to the densities in the total volume and the obtained results for the free energy density needs to be adjusted again to the total volume leading to the prefactor ξ in equation (90). The screening of the Coulomb potential due to the electrons affects not only the energies of nuclei but also the thermodynamics of the electrons and positrons themselves. The scalar potential S i vanishes but the vector potential is given by a rearrangment term
with the net electron number density n e = n e − − n e + . The negative (positive) sign applies to electrons (positrons). These particles get effective chemical potentials µ * i = µ i − V i with the correct sign change of µ i and V i for the particle to antiparticle conversion. The electronic contribution to the total free energy density assumes the form
with the explicit rearrangement term
Results for neutron star matter
Properties of stellar matter are available for the gRDF and HS model for a large range of densities, temperatures and isospin asymmetries. In the present study they were extracted from EoS tables in the CompOSE format using the FORTRAN code compose.f90. In order to compare the two models, only a section through the full space of these variables is considered in the following. We restrict ourselves to the conditions of fully catalyzed neutron star matter, i.e., charge-neutral matter in β equilibrium without neutrinos. Then, the hadronic charge fraction Y q is determined and the baryon density n b and the temperature T remain as independent variables. In figure 1 and temperatures between 0.5 MeV and 3 MeV, Y q is above 0.6 and thus outside the range of the EoS tables. In general, there is a rather good agreement of the predictions between the two models. For constant temperature, there is a decrease of the charge fraction with increasing baryon density as long as n b is lower than approx. 4 · 10 −2 fm −3 . For T > 10 MeV a further decrease of Y q with n b is observed, whereas the charge fraction increases at lower T for the highest baryon densities. Above the nuclear saturation density, a somewhat larger difference in Y q between the models can be noticed because the gRDF model considers muons in contrast to the HS model. The lowest charge fractions with Y q < 0.05 are found for T < 10 MeV in the baryon density range from roughly 5 · 10 −3 fm −3
to 10 −1 fm −3 . At the lowest temperatures, the hadronic charge fraction evolves with n b as expected for cold neutron stars indicating the gradual neutronization of matter with increasing depth.
Chemical composition
The change of the hadronic charge fraction is accompanied with a change of the chemical composition in neutron star matter. The gRDF and HS models predict to some extent differences for both light and heavy nuclei. We first consider the isospin zero light nuclei. In figure 2 the mass fractions
of deuterons and α particles, respectively, are depicted in the full range of baryon densities and temperatures. The contour lines of the color-coded regions denote a factor of ten change of the fractions. For temperatures below approx. 10 MeV, an agreement of the two models is found to a large extent. In most cases, the α-particle fraction exceeds that of the deuteron, except for densities above 10 −2 fm −3 and temperatures larger than approx. 4 MeV. The maximum fractions of deuterons and, in particular α particles, are located in a rather narrow band of increasing density and temperature. At temperatures T > 20 MeV, the largest differences between the models are observed. In the gRDF model, the net deuteron fraction decreases quickly with increasing temperature, for baryon densities n b < 10 −2 fm −3 , because the ground state contribution is compensated by the contribution of the corresponding scattering channel resulting in a disappearance of deuterons at higher temperatures. Contributions from two-nucleon scattering states are not considered in the HS model. Hence, the deuteron survives to much higher temperatures. For α-particles, a compensating effect due to scattering states is neglected in both models because the ground state is much stronger bound as compared to the deuteron. In the HS model, the occurrence of clusters is suppressed at temperatures above 50 MeV by introducing an artificial cutoff. This is most apparent for the α-particle mass fractions in the bottom of figure 2.
The observations for the deuteron and the α particle apply in a similar way to the 3 H and 3 He nuclei, with isospin 1/2 and opposite neutron-toproton composition. A comparison in figure 3 clearly shows that the more neutron-rich nucleus 3 H is more likely to be found in neutron star matter with low hadronic charge fraction Y q , c.f. figure 1, than the proton-rich nucleus 3 He. In the gRDF model, both the triton and the helion are predicted to reappear at the highest temperatures for baryon densities below approx. 10 −6 fm −3 . This can be explained by a simple thermodynamic consequence since for T > 70 MeV binding energies have a rather minor effect on the distribution functions. A similar feature is expected for the HS model, if the cutoff for considering clusters was not introduced at 50 MeV.
Larger differences in the predictions for light nuclei in the gRDF and HS model are visible for densities above 10 −3 fm −3 . This becomes more apparent in figure 4 , where the evolution of the mass fractions with density is depicted for several isotherms and a restricted density range, as compared to figures 2 and 3. At densities lower than approx. 10 −3 fm −3 , the predictions of the two models are almost identical. Here, mass-shifts or excludedvolume effects hardly affect the mass fractions of light nuclei. But at higher ws-rv9x6
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H. Pais and S. Typel densities, distinct differences appear. The HS model with excluded-volume mechanism predicts a more gradual dissolution of the light clusters with density than the gRDF model with mass shifts. At temperatures below approx. 0.5 − 1.0 MeV, light clusters are hardly found in neutron star matter. The variation of the mass fractions with temperature for three fixed values of the baryon number density n b are shown in figure 5 . At low densities of 10 −4 fm −3 or 10 −3 fm −3 , there are only minor differences between the gRDF and HS model in the mass fractions. Only at 10 −2 fm −3 the predictions of the models differ more strongly. There are larger discrepancies at lower temperatures because here differences in the cluster masses or excluded-volume effects are more relevant in the thermodynamic description. In case of the gRDF model, the net deuteron fraction rapidly decreases with temperature, when T becomes larger than approx. 20 MeV. This is caused by the continuum contribution in the np( 3 S 1 ) channel that compensates the deuteron ground state contribution.
The chemical composition of neutron star matter at low temperatures is dominated by heavy nuclei with mass numbers A > 4. This is evident from panels (a) and (b) of figure 6 , that depict the total mass fraction of heavy nuclei with the mass fraction X (A,Z) = An (A,Z) of individual nuclei as a function of baryon density and temperature. Below T ≈ 2 MeV, the gRDF model and the HS model look very similar but the dissolution of heavy clusters occurs at lower densities in the HS model, in the range from 10 −2 fm −3 to 5 · 10 −2 fm −3 , whereas heavy nuclei survive up to densities somewhat above 10 −1 fm −3 . The disappearance of heavy nuclei with increasing temperature for constant baryon density shows some distinct differences, when the two models are compared. The γ(T ) factor in the degeneracy factor (64) of the gRDF model causes the heavy clusters to be removed from the system above approx. 10 MeV. In the HS model, they appear at even higher temperatures, since the excluded-volume mechanism as a geometric concept is only depending on the density but not on the temperature. The reduction of X heavy in the HS model with increasing temperature is only a consequence of statistics. In panel (b) of figure 6 we notice again the artificial cluster cutoff at 50 MeV in this model.
In order to assess the importance of heavy nuclei in neutron star matter, not only the mass fraction X heavy , but also the size of the nuclei has to be examined. In panels (c) and (d) of figure 6 the variation of the average mass number
is illustrated, where the countour lines indicate a change by ten units. For baryon densities below 10 −5 fm −3 , both models are very similar, and the expected increase of the average mass number with density is observed for the lowest temperatures. Above 10 −5 fm −3 , however, the models exhibit significant differences. In the gRDF model, the highest average mass numbers are found for temperatures below 1 MeV, in the density range from 10 −4 fm −3 to 2 · 10 −3 fm −3 . At even higher densities, A av continuously The change of the average mass numbers A av is accompanied by a similar variation of the average charge number Z av and the average neutron number N av of heavy nuclei. These quantities are depicted in figure 7 for the gRDF model and the HS model in the same style as A av in figure 6 . The difference between the models are again clearly visible. Both Z av and N av decrease smoothly with increasing density above 2 · 10 −3 fm −3 for constant temperature below 2 MeV in the gRDF model, and the maximum values are found in the density range from 10 −4 fm −3 to 2 · 10 −3 fm −3 . In the HS model, large average charge and neutron number appear also at higher densities. Because the matter is very neutron rich, cf. figure 1, N av reaches larger values than Z av . At the lowest temperatures, the sequence of charge and neutron numbers with increasing baryon density is similar to that expected in the crust of cold neutron stars.
The variation of X heavy , Z av and N av with increasing density for several isotherms in geometric progression is shown in figure 8 , for a restricted range of densities. Heavy nuclei dominate the chemical composition at temperatures below approx. 0.6 MeV and baryon densities below approx. 2 · 10 −4 fm −3 , the neutron drip density in cold neutron star matter. In the HS model, heavy nuclei disappear abruptly at densities of about one fifth of the saturation density at low temperatures, but survive for temperatures above 1 MeV also at higher densities. They dissolve at almost the same density of n sat /3, irrespective of the temperature in the gRDF model. Shell effects in the average charge and neutron numbers are clearly visible at low temperatures since the distribution of heavy nuclei is dominated by a few species. The jumps at the magic numbers are washed out with increasing temperature. A comparison of the gRDF results with those of the HS model shows that the size of the heavy clusters gradually reduces with increasing density in the former model but stays almost constant up to the dissolution density in the latter model. The fraction of heavy nuclei and their average mass number as a function of the temperature for fixed baryon densities is depicted in figure 9 . The dissolution of heavy nuclei with increasing temperature is evident with a steeper decrease in the gRDF model, where heavy nuclei are suppressed, if T approaches 10 MeV. At the highest density of 10 −2 fm −3 , differences in X heavy between the models, even at low temperatures, are observed. The evolution of the average mass fraction with temperature also exhibits clear differences, depending on the chosen value of n b in accordance with the lower panel of figure 6 . The sudden change of A av with the temperature at low T is again related to shell effects that are taken care of in both models due to the use of realistic mass tables.
Thermodynamic properties
Besides the chemical composition of neutron star matter, the predictions of the gRDF model and the HS model for thermodynamic quantities can be compared. As representative examples, the pressure p and the entropy per baryon S/A = s/n b are depicted in figure 10 as a function of baryon density and temperature. The pressure and entropy per baryon along lines that separate differently colored regions differ by a factor of ten. There is a systematic increase of the pressure with n b and T reaching the largest values at baryon densities approaching 1 fm −3 . In contrast, the highest entropy per baryon is found at the highest temperatures close to 100 MeV, at the lowest baryon densities. In general, S/A decreases with decreasing temperature and increasing baryon density. There is an exception from this trend in the region close to the line of constant S/A = 1, where the chemical composition of the matter rapidly changes. Overall there is a surprising agreement of the pressure and entropy per baryon between the two models, despite the very different approaches to model the dissolution of nuclei. A similar concordance of thermodynamic quantities, such as the free energy per baryon or chemical potentials is observed. Hence, we refrain from showing the corresponding figures.
Conclusions
In the present work, we presented and compared two different theoretical approaches to model the equation of state and in particular the formation and dissolution of nuclear clusters in stellar matter: a statistical model with excluded-volume effects (HS model) and a generalized relativistic density functional (gRDF model) with an in-medium change of the cluster masses. The theoretical formalism of the two approaches was presented in detail and the essential differences were delineated. Both models use a relativistic mean-field description for the nucleonic part with the same parametrisation of the density dependent meson-nucleon couplings, but they differ in the treatment of the cluster degrees of freedom. Data on the chemical composition and on thermodynamic properties are available in tabular form for both models in a wide range of baryon densities, temperatures and isospin asymmetries in the CompOSE format. The corresponding tables are taken from the CompOSE website.
We were interested mainly in the evolution of the light and heavy clusters with density and temperature. For that purpose, we studied neutron star matter, i.e. charge-neutral matter in β equilibrium, and observed that the gRDF and the HS models predict some differences for the mass fractions and average sizes of the clusters. Both models behave similarly for low temperatures and low densities where mass shifts or excluded-volume effects are negligible. When the baryon density approaches the nuclear saturation density, the dissolution of clusters is more gradual in the gRDF model than in the HS model. Heavy clusters disappear rather abruptly with increasing density in the HS model, whereas in the gRDF model, their size gradually reduces until they melt.
Above temperatures of 50 MeV, light and heavy clusters are artificially suppressed in the HS model. In the gRDF model, heavy clusters are removed from the system when the temperature exceeds approximately 10 MeV due to the specific temperature dependence of the degeneracy fac-tors. In the HS model, they do appear at even higher temperatures, since the excluded-volume mechanism does not depend on the temperature, but only on the density.
Despite the differences in the cluster abundances and properties, both models show overall a very good agreement of the thermodynamic properties. Thus it can be expected that dynamical simulations of core-collapse supernovae or neutron star mergers are only marginally affected by the choice of the cluster description in the equation of state as long as the interaction model for the nucleonic part is identical. However, the chemical composition of stellar matter could affect processes such as the neutrino transport or nucleosynthesis in the above mentioned astrophysical scenarios. These consequences of the theoretical cluster description can be explored in future studies.
